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Abstract. It is well-known that space-like maximal surfaces and time-like 
minimal surfaces in Lorentz-Minkowski 3-space Rf have singularities in gen- 
eral. They are both characterized as zero mean curvature surfaces. We are 
interested in the case where the singular set consists of a light-like line, since 
this case has not been analyzed before. As a continuation of a previous work 
by the authors, we give the first example of a family of such surfaces which 
change type across the light-like line. As a corollary, we also obtain a fam- 
ily of zero mean curvature hypersurfaccs in it™ -1 " 1 that change type across an 
(n — l)-dimensional light-like plane. 



1. Introduction 

Many examples of space-like maximal surfaces containing singular curves in the 
Lorentz-Minkowski 3-space (R\; t, x, y) of signature ( — h +) have been constructed 
in [12], [I], [13], [9] and @]. 

In this paper, we are interested in the zero mean curvature surfaces in R\ chang- 
ing their causal type: Klyachin |llj showed under a sufficiently weak regularity 
assumption that a zero mean curvature surface in R\ changes its causal type only 
on the following two subsets: 

• null curves (i.e., regular curves whose velocity vector fields are light-like) 
which are non-degenerate (cf. Definition 12. 1[) , or 

• light-like lines, which are degenerate everywhere. 

Given a non-degenerate null curve 7 in R\, there exists a zero mean curvature 
surface which changes its causal type across this curve from a space-like maximal 
surface to a time- like minimal surface (cf. [6], [11], [10] and [8]). This construction 
can be accomplished using the Bjorling formula for the Weierstrass-type represen- 
tation formula of maximal surfaces. By unifying the results of Gu [6], Klyachin [TTj . 
and [5], we explain the mechanism for how zero mean curvature surfaces change 
type across non-degenerate null curves, and give 'the fundamental theorem of type 
change for zero mean curvature surfaces' (cf. Theorem 12 .17[) in the second section 
of this paper. 
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Figure 1. Hyperbolic catenoids C+, C_. 

However, if 7 is a light-like line, the aforementioned construction fails, since the 
isothermal coordinates break down at the light-like singular points (cf. the proof 
of Theorem I2.17|) . Locally, such a surface is the graph of a function t = f(x,y) 
satisfying 

(1-1) (1 - fy)fxx + VJvfxy + (1 - iDfyy = 0- 

We call this and its graph the zero mean curvature equation and a zero mean 
curvature surface, respectively. Zero mean curvature surfaces containing light-like 
lines have not yet been sufficiently studied. In a previous work with Hidenobu 
Takahashi [3], the authors give several fundamental examples of such surfaces. 
For example, the space-like hyperbolic catenoid 

(1.2) C+ = {(<, x, y)eRl; sin 2 x + y 2 - t 2 = 0} 
and the time-like hyperbolic catenoid 

(1.3) C- = {{t,x,y) G i??; sinh 2 x + y 2 - t 2 = 0} 

are both typical examples of zero mean curvature surfaces containing singular light- 
like lines as subsets (cf. Figure [TJ . The space- like hyperbolic catenoid C+ is singly 
periodic. 

Also, both the space-like Scherk surface (cf. [3]) 

(1.4) S + = {{t, x, y) G i?J ; cost = cosxcosy} 
and the time-like Scherk surface of first kind (cf. [3]) 

(1.5) S- = {(t, x, y) G i?i ; cosht = cosh x cosh y} 

contain singular light-like lines as subsets (cf. Figure [2|). 5+ is triply periodic. 

As an application of the results in Section [21 wc show in Section [3] that C+ and 
C_ induce a common zero mean curvature graph (cf. Figure 02 left) 

(1.6) C = {(t,x,y) G Rl; t = ytanha;} 

via their conjugate surfaces. Similarly, we also show that the Scherk-type surfaces 
5+ and <S_ induce a common zero mean curvature graph via their conjugate surfaces 
(cf. Figure [3l right) 

(1.7) So = {(t, x, y) G R\ ; e* coshx = coshy}. 

These two phenomena were briefly commented upon in [3] . 

On the other hand, zero mean curvature surfaces which actually change type 
across a light-like line were unknown. For example, the above four surfaces C± and 



ZERO MEAN CURVATURE SURFACES 



3 




Figure 2. Scherk-type surfaces S+ and <S_. 




Figure 3. Zero mean curvature graphs Co and So (the curves 
where the surfaces change type are also indicated). 

S± do not change type. As announced in [3], the main purpose of this paper is to 
construct such an example. In Section [H we give a formal power series solution of 
the zero mean curvature equation describing all zero mean curvature surfaces which 
contains a light-like line. Using this, we give the precise statement of our main result 
and show how the statement can be reduced to a proposition (cf. Proposition 14. 3|) . 
In Section [5l we then prove it. As a consequence, we obtain the first example of (a 
family of) zero mean curvature surfaces which change type across a light-like line. 

At the end of this paper, we provide an appendix which prepares several inequal- 
ities used in Section [4] 

2. Type change of zero mean curvature surfaces 

In this section, we discuss type changes for zero mean curvature surfaces by 
unifying the results of Gu |6| , Klyachin [TTj and four of the authors here [8] . 

A regular curve 7 : (a, b) — > is called null or isotropic if Y(t) :— dr/(t)/dt is a 
light-like vector for all t € (a, b). 

Definition 2.1. A null curve 7 : (a, b) — > i?J is called degenerate or non-degenerate 
at t = c if 7"(c) is or is not proportional to the velocity vector '/(c), respectively. 
If 7 is non-degenerate at each t G (a, b), it is called a non-degenerate null curve. 
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We now give a characterization of zero mean curvature surfaces that change type 
across a real analytic non-degenerate null curve. Given an arbitrary real analytic 
null curve 7 : (a, b) — > we denote the unique analytic extension of it still by 7 
throughout this article, by abusing notation slightly. We consider the two surfaces 

$(«,«) := 7( " + W) - 7( " ~ ^ , 

and 

which are defined for v sufficiently close to zero. We recall the following assertion: 

Proposition 2.2 ([6], [11] and [8]). Given a real analytic non- degenerate null curve 
7 : (a, b) — > R 1> the union of the images of <E> and \& given as above are subsets of a 
real analytic immersion, and the intersection is 7. Moreover, $ gives a space-like 
maximal surface and 4" gives a time-like minimal surface if v is sufficiently close to 
zero. Furthermore, this analytic extension of the curve 7 as a zero mean curvature 
surface does not depend upon a choice of the real analytic parametrization of the 
curve 7. 

Proof. We give here a proof for the sake of readers' convenience. We have that 

00 00 
$(u,v) = ^(-l)" 7 (2n) (u)i; 2n , V(u,v) ^^^ 2n \u)v 2n 

n=0 n=0 

near v = 0, where 7"' = d^/dP . In particular, if we set H(u, v) := X)^=o l^ 2n \u)v n 
then it gives a germ of real analytic function satisfying 

H (u, -v 2 ) = v), H(u, v 2 ) = ^>{u, v), 

which prove that the images of <!> and ^ lie on the common real analytic surface. 
Since 7 is non-degenerate, two vectors 

H u (u,Q) = i{u), H v {u,0) = 7" '(u) 

are linearly independent, and H gives an immersion which contains 7. 

Moreover, it can be easily checked that <I> gives a space-like maximal surface (cf. 
Lemma l2.14p and ^ gives a time- like minimal surface. 

We now show the last assertion: Since the surface is real analytic, it is sufficient 
to show that given an arbitrary real analytic diffeomorphism / from (a, b) onto its 
image in R, 

T/ , y{u + iv) + 7(14 — iv) , =. . j(u + iv) + ^(u — iv) 
$!(u,v) = — - and = — - 

induce the same surface as their graphs, where ^(t) := j(f(t)). We define A, B by 

A = (/(« + v) + f(u - v))/2, B = (f(u + v)- f(u - v))/2. 
Thus it is sufficient to show that the map 

(u,v)^(A,B) 

is an immersion at (u, 0). In fact, the Jacobian of the map is given by 

dCt I f(u) J^ U - 
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□ 

Definition 2.3. Let Q 2 be a domain in R 2 and / : fl 2 — > R a C°°-function 
satisfying We set 

/<: i ./; J? r 

A point p on fl 2 is called a non- degenerate point of type chang$\ with respect to / 
if 

B(p) = 0, VB{p) ± 0, 
where V£> := (B^, B y ) is the gradient vector of the function B. 

Since VB docs not vanish at p, the function / actually changes type at the 
non-degenerate point p. The following assertion holds: 

Proposition 2.4. Let 7 be a real analytic non-degenerate null curve, and let / 7 be 
the real analytic function induced by 7 as in Proposition \2.Sl which satisfies • 
Then the image of 7 consists of non-degenerate points of type change with respect 
to / 7 . 



Note that the conclusion is stronger than that of Proposition [ 

Proof. Let 7 be a non-degenerate null curve. Without loss of generality, we may 
take the time-component t as a parametrization of 7. Then we have the expression 

7(*) = (*,*(*)>!/(*)) (a<t<b) 

such that 

(2.1) x'(t) 2 + y'(t) 2 = l. 
Since 7 is non-degenerate, it holds that 

(2.2) 0^ 7 "(t) = (0,x"(t),y"(t)). 
Differentiating the relation t — f(x(t),y(t)), we have that 

(2.3) x'(t)f x {x(t),y(t)) +y / (t)f y (x(t),y(t)) = 1. 
On the other hand, the relation B = implies that 

(2-4) f x (x(t),y(t)) 2 + f y (x(t),y(t)) 2 = 1. 

Then by $TQ, and <E3>> [t nolds that 

x'(t) = f x , y'(t) = f y . 

Thus we have that 

(2-5) (x",y") = j t (f x (x(t),y(t)),f y (x(t),y(t)^ 

f XX ~t~ y fxyi X f x y + ?/ fyy) 

= {fxfxx + fyfxy, fxfxy + fyfyy) = — 

By (|2.2p . we get the assertion. □ 
Conversely, we can prove the following. 



1 Klyachin did not define this particular notion, but we include this definition here for 
purpose of clarification. 
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Proposition 2.5 (Klyachin [ITJ Lemma 2]). Let f : 2 — > R be a C°° -function 
satisfying the zero mean curvature equation (|l.ip . and let p = (xq^q) £ fl 2 be 
a non-degenerate point of type change. Then there exists a non- degenerate C°° - 
regular null curve in R\ with image passing through (f(xo, yo), x 0, Uo) and contained 
in the graph of f . 

Proof. By the implicit function theorem, there exists a unique C°°-regular curve 
er(i) = (x(t),y(t)) in the xy-plane with p = er(0) so that B = along the curve. 
Since B = on a, the velocity vector a' is perpendicular to VB. Since V/ is also 
perpendicular to V-B, we can conclude that V/ is proportional to a' . In fact 

_ 1 V/ • VB = (f x , fy) t f / f r) = /X/XX + 2f X fyf X y + /.J/,,,, 

Z \JxJxy T Jyjyy/ 

— (1 — fy)fxx + ^fxfyfxy + (1 — fx)fyy — (1 ~ /x — fy)(.fxx + /t/y) 

= 0. 

Since /J + / 2 = 1, by taking an arclength parameter of c, we may set 

/xi y /j/j 

and then 

5 = l-/. 2 -/ y 2 = l-(*') 2 -(2/) 2 = 
holds along tr, which implies that t > (t, x(t),y(t)) is a null curve. Since 

j t f(x(t),y(t)) = x'fx + !/7„ = / 2 + f v = 1, 

there exists a constant c such that f(x(t),y(t)) = t + c. By translating the graph 
vertically if necessary, we may assume that 

f(x(t),y(t))=t 

holds for each t. Then we obtain the identity (|2.5p in this situation, which implies 
that VB(p) = (x"(0),y"(0)) ^ 0, namely, 

(a, 6) 3 i ^ (f(x(t),y(t)) : x(t), y(t)) - (i, y (t)) e i?? 

gives a non-degenerate null curve near t = lying in the graph of /. □ 

Definition 2.6 ([2])- Let E 2 be a Riemann surface. A C°°-map <p : S 2 — > is 
called a generalized maximal surface if there exists an open dense subset W of S 2 
such that the restriction ip\w °f <P to W gives a conformal (space-like) immersion 
of zero mean curvature. A singular point of ip is a point at which tp is not an 
immersion. A singular point p satisfying d(p(p) — is called a branch point of tp. 
Moreover, ip is called a maxface if (p does not have any branch point. (A maxface 
may have singular points in general). 

Remark 2.7. The above definition of maxfaces is given in [2], which is simpler than 
the definition given in |13j and [5J- However, this new definition is equivalent to 
the previous one, as we now explain. Suppose that tp\w is a conformal (space-like) 
immersion of zero mean curvature. Then dip = (p z dz is a C 3 -valued holomorphic 1- 
form on W, where z is a complex coordinate of S 2 . Since ip is a C°°-map on E 2 , dip 
can be holomorphically extended to E 2 . Then the line integral $(z) = f dip with 
respect to a base point zq G E 2 gives a holomorphic map defined on the universal 
cover of E 2 whose real part coincides with ip(z) — ip(zo). The condition that ip does 
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not have any branch point implies that $ is an immersion. Moreover, since tp is 
conformal on IV, $ satisfies 



namely $ is a null immersion. So tp satisfies the definition of maxface as in 1 1 3 j and 
[5]- We call $ the holomorphic lift of the maxface tp. 

Let tp : E 2 — > J?f be a maxface with Weierstrass data (G, 77) (see [13] for the 
definition of Weierstrass data). Using the data (G,r)), the maxface tp has the 
expression 



also gives a maxface called the conjugate surface of tp, which is defined on the 
universal cover E 2 of E 2 . The following fact is known: 

Fact 2.8 f [131 13] ^ - A point p ofY? is a singular point of tp if and only if\G{p)\ = 1. 

Definition 2.9. A singular point p of tp is called non-degenerate if dG does not 
vanish at p. 

Fact 2.10 f |13l [5]). If a singular point p of tp is non- degenerate, then there exists a 
neighborhood U of p and a regular curve "f(t) in U so that 7(0) = p and the singular 
set of tp in U coincides with the image of the curve 7. 

This curve 7 is called the singular curve at the non-degenerate singular point p. 

Definition 2.11. A regular curve 7 on E 2 is called a non- degenerate fold singu- 
larity if it consists of non-degenerate singular points such that the real part of the 
meromorphic function dG/(G 2 n) vanishes identically along the singular curve 7. 
Each point on the non-degenerate fold singularity is called a fold singular point. 

A singular point of C°°-map tp : E 2 — > R 3 has a fold singularity at p if there 
exists a local coordinate (u,v) centered at p such that tp(u,v) = tp(u, —v). Later, 
we show that a non-degenerate fold singularity is actually a fold singularity (cf. 
Lemma I2.15P . 

Suppose that p is a non-degenerate fold singular point of tp. The following duality 
between fold singularities and generalized cone-like singularities (cf. [H Definition 
2.1]) holds: 

Proposition 2.12 ([TO])- Let tp : E 2 — > R\ be a maxface and tp* the conjugate 
maxface. Then p is a non- degenerate fold singular point of tp if and only if it is a 
generalized cone-like singular point of tp* . 

Proof. This assertion is immediate from comparison of the above definition of non- 
degenerate fold singularity and the definition of generalized cone-like singular points 
as in ,4, Definition 2.1 and Lemma 2.3]. □ 

We now show the following assertion, which characterizes the non-degenerate 
fold singularities on maxfaces. 



(d$ ) 2 + (d$0 2 + (d$ 2 ) 2 = ($ = ($ ,$i,$ 2 )), 



(2.6) 
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Theorem 2.13. Let ip : £ 2 — > 6e a maxface which has non- degenerate fold 
singularities along a singular curve 7 : (a, b) — > S 2 . Then 7 := ip o 7 is a non- 
degenerate rail curve, and the image of the map 

^ Q x -/ s ■y(u + v)+j(u-v) 

(2.8) <p(u,v):= 

is real analytically connected to the image of ip along 7 as a time-like minimal 
immersion. Conversely, any real analytic zero mean curvature immersion which 
changes type across a non- degenerate null curve is obtained as a real analytic ex- 
tension of non- degenerate fold singularities of a maxface. 

This assertion follows immediately from Fact l2.2l and the following Lemmas l2.14l 
and [235] 

Lemma 2.14. Let 7 : (a, b) — > i?J be a real analytic non- degenerate null curve. 
Then 

. . , j(u + iv) + ~/(u — iv) 
ip{u + iv) := - 

gives a maxface with non- degenerate fold singularities on the real axis. 

Proof. We set z = u + iv. Then it holds that 

where Y(t) := dj(t)/dt. Since 7 is a regular real analytic curve, the map 

(2.9) $>(ii + iv) := 7(u + iv) 

gives a null holomorphic immersion if v is sufficiently small. Thus ip = Rc($) gives 
a maxface. 

Since 7 is a null curve, it holds that 

(2.10) io(t) 2 = m 2 +m 2 , 

where we set 7 = (70,71,72)- Moreover, since 7 is a regular curve, (|2.10|) implies 

(2.11) 7oW^O (a<t<b). 

It can be easily checked that the maxface ip has the Weierstrass data 

(2.12) V :=\(d* 1 -id* 2 ) = ?M^m dz , 

, 21 - d$ _ 76(g) _ l[{z) + ij 2 (z) 

1 ■ ' 9 ' 2r, ir{z)-ii 2 {z) i {z) ' 

where we set <!> = ($0, $1, $2) and use the identity 

(7^ " + H2) = (7i) 2 + (I2) 2 = (7o) 2 - 

In particular, (|2 . 13[) implies that \G\ = 1 holds on the u-axis, which implies that 
the it-axis consists of singular points. By (|2.13[) . dG vanishes if and only if 

At 1 1 • / \i 1 / 1 . ■ i\ 11 1 1 11 1 n\ , ■/ 1 11 1 11 \ 
■= (7i + H2) 7o - (7i + *7 2 J7o = (7o7i - 7i7o ) + H7o7 2 - 7 2 7o ) 

vanishes. In other words, A = if and only if (70,7") is proportional to (70,7!-) 
for j = 1,2, namely 7" is proportional to 7'. Since 7 is non-degenerate, this is 
impossible. So the image of the curve 7 consists of non-degenerate singular points 
(cf. Definition 
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By 42331, (|27T2| and flUSJ) , we have that 

dz_ 2( 7 ; - ij 2 ) 

Thus the u-axis consists of non-degenerate fold singular points if and only if Ai := 
ill ~ ij^)^ is a rea l valued function. Here 

Re(Ar) = 7 ^( 7 | 7 i' + 7272 ) - 7o (W) 2 + (7 2 ) 2 ) = 7o(7o7o) - 7^'K) 2 = 0, 
where we used the identity (|2.10[) and its derivative. This implies that 7 consists 
of non-degenerate fold singularities. □ 

Finally, we prove the converse assertion: 

Lemma 2.15. Let tp : S 2 — > Ri be a maxface which has non-degenerate fold 
singularities along a singular curve 7 : (a, 6) — > E 2 . Then, the space curve ^(t) := 
ip o j(t) is a non- degenerate real analytic null curve such that 

ip(u, v) := — ^j(u + iv) + j(u — iv) 

coincides with the original maxface p. In particular, (p satisfies the identity <p(u, v) = 
ip(u, -v). 

Proof. The singular set of (p can be characterized by the set \G\ = 1, where (G, 77) is 
the Weierstrass data as in (|2.6[) . Let T be a Mobius transformation on S 2 = CU{oo} 
which maps the unit circle {(eC; |C| = 1} to the real axis. Then T o G maps the 
image of the singular curve 7 to the real axis. Since dG ^ (cf. Definition 12. lip , 
we can choose T o G as a local complex coordinate. We denote it by 

z = u + iv. 

Then the image of 7 coincides with the real axis {v = 0}. Let $ be the holomorphic 
lift of (p. Since the real axis consists of non-degenerate fold singularities, Proposi- 
tion [233 implies that Im($) is constant on the real axis. Since $ has an ambiguity 
of translations by pure imaginary vectors, we may assume without loss of generality 
that 

(2.14) Im($) = on the real axis. 
Thus, the curve 7 is expressed by (cf. (|2.9[) ) 

(2.15) j{u) = tp(u, 0) = Rc($(u, 0)) = $(u, 0), 

namely, two holomorphic functions $(u + iw) and ^(u + iv) take same values on the 
real axis. Hence $(2) = 7 (u + iv) and thus 

. . 7 (u + iv) + y(u — iv) n 
ip(z) = = ip{u, v). 

So it is sufficient to show that 7 (t) is a non-degenerate null curve. Since \G\ = 1 
on the real axis, there exists a real-valued function t = t(u) such that 

(2.16) G(u) = e lt ^ (u G R). 

Differentiating this along the real axis, we have G u (u) = ie lt (dt/du). Here, dt/du 
does not vanish because dG ^ on the real axis. Since 7 consists of non-degenerate 
fold singularities, 

. dG e~ lt ^ dt 



1 



G 2 rj w(u) du 
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must be real valued (cf. Definition 12. llj) . where rj = w(z) dz. Since 4> is an immer- 
sion, G must have a pole at z = u if w(u) = (cf. (|2.6|1 ). but this contradicts the 
fact that \G\ = 1 along 7. Thus we have w(u) 7^ 0. It then follows that 

f(u) := e lt ^w(u) = G(u)w(u) 

is a non- vanishing real valued analytic function. Now, if we write 7 = (70,71,72), 
(EU) yields 



%{u) = Re(-2G(u)w(u)J = -2£(u), 



and 

7((u) =Rc^(l + G(w) 2 )u;(w)^ = 2£(u)cosi(u), 

72 (u) = Rc^(l - G(u) 2 )w(u)j = 2£(u) sini(u). 

This implies that 7(u) is a regular real analytic null curve. Since dt/du 7^ 0, the 
acceleration vector 

7"(«) - (logf(u)) V(«) + 2 £( w ) (O, - sint(u), cost(w) 



(fit 

is not proportional to *f'(u). Thus, j(u) is non-degenerate. □ 

Corollary 2.16. Let tp : S 2 — > iij &e a maxface. Then a singular point p G E 2 
fo'es on a non-degenerate fold singularity if and only if there exists a local complex 
coordinate z = u + iv with p = (0, 0) satisfying the following two properties: 

(1) ip(u,v) = tp(u,-v), 

(2) tp u (Q, 0) and (/^(0, 0) are linearly independent. 

Proof. Suppose p is a non-degenerate fold singularity of tp. Then (1) follows from 
Lemma \2. 151 and (2) follows from the fact that the null curve parameterizing fold 
singularities is non-degenerate. 

Conversely, suppose there is a coordinate system around a singular point p with 
p = (0, 0) which satisfies (1) and (2). Differentiating (1), we have that <p v (u, 0) = 0. 
Let $ be a holomorphic lift of <p. Since $ is a null holomorphic map, the relation 
tp v (u,0) = implies that 

= ($ 2 («,0),$ 2 (u,0))=4(^(u,0),^(u,0)) = (tp u (u,0),tp u (u,0)), 

where (,) is the canonical inner product of R^. This implies 7 : u 1— > tp(u,0) is a 
null curve. By the condition (2), this null curve is non-degenerate. Then by Lemma 

jtu + iv) + 7(u — iv) 
tp 7 (u + iv) := 

is a maxface such that 7 parametrizes a non-degenerate fold singularity of tp~. 
Moreover, <f> 7 := -f(u + iv) gives a holomorphic lift of tp 1 (cf. (|2.9p ). Since 

*»(«, 0) = 2tp z (u, 0) = 7 '(tt) = (* 7 ),(tt, 0), 

the holomorphicity of $ and $ 7 yields that $2(2) coincides with ($ 7 ),(z). Thus <I> 
coincides with $ 7 up to a constant. Then ip 7 coincides with tp, and we can conclude 
that 7 parametrizes a non-degenerate fold singularity of tp. □ 
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So far, we have looked at the singular curve of maxfaces. Now we turn our atten- 
tion to the singular curve of zero mean curvature surfaces and prove the following 
assertion, which can be considered as the fundamental theorem of type change for 
zero mean curvature surfaces: 

Theorem 2.17. Let 7 : (a,b) -> Rf be a non- degenerate real analytic null curve. 
We set 

' j(u + iy/v) + "f(u — i\/v) 



<p-y(u,v) := 



2 

7(u + \/\v\) + j{u - \f\v~\ 



(v > 0), 



(«<0), 



for sufficiently small \v\. Then tfiy gives a real analytic zero mean curvature im- 
mersion such that the image of 7 consists of non- degenerate points of type change 
with respect to 0~. 

Conversely, let f : f2 2 — > R be a C°° -function satisfying the zero mean curvature 
equation and let p = (xo,yo) be a non-degenerate point of type change with 

respect to f , where Q 2 is a domain in the xy-plane. Then there exists a real analytic 
non- degenerate null curve 7 in R\ through (f(xo, yo), Xq, yo) with <p 7 coinciding with 
the graph of f in a small neighborhood of p. 

Note that the conclusion for regularity of the converse statement is stronger than 
that of Proposition ^. 51 



Proof. We have already proved the first assertion. (In fact, Proposition ^. 41 implies 
that 7 consists of non-dcgcncratc points of type change with respect to <p 7 .) Then it 
is sufficient to show the converse assertion, which is essentially due to Klyachin [TT| . 
So, referring to [11], we give only a sketch of the proof: Let / : SI 2 — s- R be a C°°- 
function satisfying the zero mean curvature equation (|l.lj) . and let p = (xq, yo) € fl 2 
be a non-degenerate point of type change with respect to /. (One can prove the real 
analyticity of / at p, assuming only C 3 -regularity of /, using the same argument 
as below.) By Proposition ^. 51 there exists a C°° -regular curve a(u) (\u\ < S) such 
that 

l(u) ■= U o{u),o-(u)) 

is a non-degenerate null curve passing through (f(xo,yo),%o,yo) where S is a suf- 
ficiently small positive number. We set B := 1 — / 2 — / 2 . Let il + be a simply 
connected domain such that B > 0, and suppose that a lies on the boundary of 
fi+. We set 



t = t(x, y) := f(x, y), s = s(x, y) := 



-fydx + f x dy 



v B 



where qo e fl + is a base point and q := (x,y). Since a := (—f y dx + f x dy)/B is 

r 

a closed 1-form, its (line) integral / a does not depend on our choice of path. 

J qo 

Let t(v) = (a(v),b(v)) (0 < v < e) be a path starting from p and going into f2 + 
which is transversal to the curve a. Since B(p) = and VB(p) 7^ 0, there exists a 
constant C > such that B o t(v) = Cv + 0(v 2 ), where 0{v 2 ) denotes the higher 
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order terms. Then there exists a constant m such that 

fx 



o t(v) —(f) 



dv 



VB o t(v) 



< —= for < v < e 
\/v 



hence 



a < 



-.dv < oo, 



which is just the case (1) of [111 Lemma 6], and (t, s) gives an isothermal coordinate 
of f2 + with respect to the immersion 

V : (t, a) i ^ (/(a:(t, a), y(t, a)), x(t, a), j/(t, a)) = (t, x(t, s),y{t, a)) (a > 0). 

Moreover, the function s(x,y) can be continuously extended to the image of the 
curve a. Since a is an integral curve of V/, we may assume that a parametrizes 
the level set s = 0, where we used the fact that s(x,y) is constant along each 
integral curve of V/. In particular, ip satisfies iptt + <fss = 0. Then ip(t, s) can be 
extended to a harmonic _R 3 -valued function for s < satisfying <p(t,s) = (p(t,—s) 
via the symmetry principle (see the proof of (TTJ Theorem 6]). In particular, / is 
a real analytic function whose graph coincides with the image of tp on f2 + near p. 
Moreover t H> <p(t,Q) parametrizes the curve 7 (cf. [HI Page 219]). By Corollary 
(|2. 16|1 . 7 can be considered as a non-degenerate fold singularity of the maxface 
(t, a) i-> ip(t,s). (In fact, the condition (2) of Corollary (|2.16j) corresponds to the 
fact that 7 is a non-degenerate curve near p.) Then Theorem 12.131 implies that (p 1 
coincides with the graph of / on a sufficiently small neighborhood of p. □ 



3. The conjugates of hyperbolic catenoids and Scherk-type surfaces 

The two entire graphs of n variables 
fi(xi,. . .,£„) := x x tanh(x 2 ), /afci, ■■■,x n ) := (logcoshxi) - (log coshx 2 ), 

given in Osamu Kobayashi [12] . are zero mean curvature hypersurfaces in 
which change type from space- like to time- like. When n = 2, the image of /1 is 
congruent to Co and the image of ji is congruent to Sq. On the other hand, the 
space- like catenoid C+ (rcsp. the space-like Scherk surface S+) and the time-like 
catcnoid C_ (resp. the time-like Scherk surface S-) are typical examples of zero 
mean curvature surfaces which contain singular light-like lines. Moreover, they are 
closely related to Co (resp. So) by taking their conjugate surfaces as follows: 

Proposition 3.1 ([8] and [3]). The conjugate space-like maximal surface of the 
space-like hyperbolic catenoid C+ and the conjugate time-like minimal surface of 
the time-like hyperbolic catenoid C_ are both congruent to subsets of the entire 
graph Co ■ 

The space-like part of Co is connected and is called the space-like hyperbolic 
helicoid, and the time- like part of Co splits into two connected components, each of 
which is congruent to the time-like hyperbolic helicoid (see Figure [3J left). 

Proof. This assertion has been pointed out in [8j Lemma 2.11 (3) ] and the caption 
of Figure 1 in [3] without proof. We give a proof here as an application of the 
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results in the previous section. A subset of the space-like hyperbolic catenoid C+ 
can be parametrized by 

(3.1) <pi(u,v) = (cosh u sin v, v, sinhu sin v) = — Rei(sinhz, z, coshz), 
ipi{u,v) = (— cosh u sin v, v, — sinhu sin v), 

where z — u + iv. In fact, C+ is the union of the closure of the images of ipi and ip\. 
The surface tpi has generalized conical singularities at (it, nir) for any aeiJ and 
n G Z, as pointed out in [3J. Using this, one can easily compute that the conjugate 
of (pi is congruent to the following surface 

(3.2) <p*(u,v) : = — Imi(sinh z, z, coshz) = — Re(sinh z, z, coshz) 

= — (sinh u cos v,u, cosh u cos v) . 

By Proposition 12.121 the conjugate surface has non-degenerate fold singularities. 
Then by Theorem 12.131 one can get an analytic continuation of ip* as a zero mean 
curvature surface in R\ which changes type across the fold singularities. We can 
get an explicit description of such an extension of <p\ as follows: We set 

(t,x,y) = tp*(u,v) = — (sinhu cos v, u, coshu cosv). 

Then the surface has fold singularities at (u, mr) for any u £ R and n €E Z '. Then 
it holds that 

— = tanh u = — tanh x 
V 

and the image of — is contained in the surface Co- 

On the other hand, a subset of the time-like hyperbolic catenoid C_ has a 
paramctrization 

(3.3) ¥>2(w, v) '■= —(sinh u + sinhu, u + v, cosh u — coshw) = — - - — ^ - , 
where 

(3.4) a(u) := (sinh u, u, cosh u), PW) (sinh v, v, — cosh v). 
Also 

(3.5) "02 {u, v) := — (— sinh u — sinh v, u + v, — coshu + coshu) 

gives a parametrization of C_ . More precisely, C_ is the union of the closure of the 
images of ip2 and tp2- We get the following parametrization of the conjugate surface 
tp\ of tp2 

(3.6) t P2i u i v ) : ~ Q — P( v )) = ^( sm h u — sinhu, u — v, coshw + coshw), 

where a and f3 are as in (|3.4[) . (See [7] for the definition of the conjugate surfaces 
of time-like minimal surfaces.) To find the implicit function representation of the 
image of tpj, take a new coordinate system (£, £) as 

u = e + c, « = e-c- 

Then 

(^^(CC) = (cosh £ sinh £, C, cosh ^ cosh (), 

which implies that the image is a subset of Cq. The entire graph Co changes type 
across two disjoint real analytic null curves {y = ± cosh 2}. □ 
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Next, we prove a similar assertion for the Scherk surfaces, which is also briefly 
mentioned in the caption of Figure 1 in [3] : 

Theorem 3.2. The conjugate space-like maximal surface of the space-like Scherk 
surface <S+ and the conjugate time-like minimal surface of the time-like Scherk 
surface <S_ of the first kind are both congruent to subsets of the entire graph Sq . 



Proof. Using the identities 



cos arg z = Re( — ), 
\z\ 



sin arg z 



Mrr), 

\A 



one can prove that a subset of the space-like Scherk surface <S + is parametrized by 
the complex variable z as 



(3.7) <p 1 (z) = -Bei log 



l + z 2 
1 - z 2 



10! 



f 



l + z 



log' 



iz 



arg 



l + z 1 



1 



arg 



1 + 2 



arg 



1 



iz 

IT 



+ 2(M,1) 
(1,1,1). 



In fact, <pi(z) is a multi- valued ii^-valued function, but can be considered as a 
single- valued function on the universal covering of CU {00} \ {±1, +i}. We now set 



<Pi( z ) = (t(z),x(z),y(z)) 



and 



t(z),x(z),-K-y(z)). 



Then S+ is the union of the closure of the images of <p\ and xp±. The conjugate i[>* 
of the space-like Scherk surface ipi is obtained by 



(3.8) 



Im i 



= log 



log 
14 



l + z 1 

,2 



log 



1 



l-z 2 



l0E 



l + z 
l-z 



l + z 



lot 



l0E 



1 



l + iz 
1 — iz 



1 



Since %pi admits only generalized cone-like singularities (cf. Proposition 12 . 1 2| ) . 
admits only fold singularities, and has a real analytical extension across the fold 
singularities to a time-like minimal surface in (cf. Theorem l2.13|) . More precisely, 
the image of the conjugate tpl is contained in the graph 5o, as shown in the following: 
The singular sets of tpi and 4>i are both parametrized as {z = e lu }. Then the image 
of a connected component of singular curve by ip* as in (|3.8[) is parametrized as 



(3.9) 7(14) = i (2 log cot u, log 1 



cos u 



1 + cos u 



lof 



1 



Sinn 



1 — sin u 



< u < 



By the singular Bjorling formula (|2 
extension of 7 



(3.10) 



111 Section H we have the following analytic 

7(<ix)+7(u) 



Now, we check that the conjugate -02 '■= i>2 of ip2 as in (|3.10[) coincides with the 
time-like Scherk surface <S_. By ()3.10j) . the conjugate tp2 of ^2 is parametrized by 
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(see [7] for the definition of the conjugate surfaces of time-like minimal surfaces) 



(3.11) ip2(u,v) = -(-y{u) -7(1;)) 



l/i/ \ ^ / .> 1 /. 1 — COSM 1 — COSW 

- (log COt U) - l0g(c0t «)) , - log — lo; 

2 v ' 4 \ 1 + cos w, 



1 + cos v 
if 1 + sin u 1 + sin w 

- log ; log : 

4 V 1 - sm u 1 - sin v 



We set (t,x,y) — -02(u,v), and will show that (t,x,y) lies in 6>_: In fact, by (|3.11l) . 
we have 

cot u cos u sin v 



■ 21 



cot v sin u cos v 



which implies 



cosht = - 
2 



cos u sm v 



sm it cos v 



sin(u + tj) 

sin u cos u ' V cos u svnv I v / sin2usin2z 



Using 



e 4x = 



1 — cos u 1 + cos v 



1 + cos u 1 — COS V 



we have that 



Similarly, 



cosh a; 



coshy 



1 



tan — cot — 
2 2 



u + v 



Vsinusinw 
1 



2 

u + v 



cos u cos i> 2 

holds. Hence the analytic extension of the conjugate of S+ coincides with Sq. As 
pointed out in [8], the space-like part of Sq is connected, and the time- like part of 
Sq consists of four connected components, each of which is congruent to the image 
of tpi (see Figure [3l right). □ 



4. Existence of zero mean curvature surfaces changing type across a 

light-like line 

We now discuss solutions of the zero mean curvature equation (|1.1|) which have 
the following form 



(4.1) 



k=l 



where bk(y) are C°°-functions. Since / contains a singular light-like line, we may 
assume without loss of generality that (cf. [3]) 

bo(y) = y, h(y) = Q- 

As was pointed out in [3], there exists a real constant [i called the characteristic of 
/ such that 62(2/) satisfies the following equation 



(4.2) 



b' 2 (y) + b 2 (y) 2 + m = 



dy 
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Now we derive the differential equations satisfied by bk{y) for k > 3. If we set 

k 



k=2 

and 

P ■ 2(Yf xx fxfxy)i Q ■ Y f xx 1f x f X yY 1 R . fxfyyi 
then, by straightforward calculations, we sec that 

P = -b 2 b' 2 x 2 - h 2 b' 3 x 3 -jr(Pk + ^r^ M ' fe + (3 " k)b ' 2h ) xk ' 

k=A ^ ' 

oo oo 

and that the zero mean curvature equation reduces to 

K 
k 



oo ,„ 

=fyy = P + Q + R- 



k=2 

It is now immediate, by comparing the coefficients of x k from both sides, to see 
that each bk (k > 3) satisfies the following ordinary differential equation 

(4.3) b'i{y) + 2{k - l)b 2 {y)b' k (y) + fc(3 - k)b' 2 (y)b k {y) - -k(P k + Q k - R k ), 
where P3 = Q3 = R3 = and 

_ ^ 2(fc-2m + 3) 

m— 3 

fc— 2 fe-m „ , 1 

_ 3n — k + m — 1 f , 

* — ' ' — : ?7in 

m=2 n=2 

fc— 2 fc— m 7 U 1 it 
p °" l0 "°fc-m-rt+2 

* '~ ^ — 771 — 71 + 2 

m— 2 n— 2 

for A: > 4. Note that Pfe, Qfc an d Rk are written in terms of bj (j = 1, . . . , k — 1) 
and their derivatives. 

Now, we consider the case that 1 — f x — fy changes sign across the light-like line 
t = y. This case occurs only when the characteristic fi of f vanishes [3]. If we set 

b 2 (y) = (ye R), 

then (14. 2[) holds for /i = 0. So we assume 

(4.4) b (y)=y, b 1 (y) = 0, b 2 (y) = 0, b 3 (y)=3cy, 
where c is a non-zero constant. Then f(x,y) in (|4.1|) can be rewritten as 

(4.5) f( Xi y) =y + Cya * + f^bM X l>. 

k=4 

In this situation, we will find a solution satisfying 

(4.6) 6 fc (0)=6' fc (0) = (fc>4). 
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FIGURE 4. The graph of f(x, y) for c = 1/2 and \y\ < 0.8 (The 
range of the graph is wider than the range used in our mathemat- 
ical estimation. However, this figure still has a sufficiently small 
numerical error term in the Taylor expansion.) 



Then (|4.3|) reduces to 

(4.7) b'l(y) = -k{P k + Q k -R k ), b k (0) = b' k (0) = 0, (fc=4,5,...), 
( 4 - 8 ) P * ■= E 2i lZ^+2 S) bmiy)b ' k - m + M (fc " 4) ' 

rn— 3 

fc-4 k-m—l 7 I _ 

(4.9) Q fe :=E E — C(2/)^(2/)^-m-n+2(y) (A > 7), 

m— 3 n— 3 



(4.io) ^g^-^^faK-^Cy) (fc>7) 

771— o n—S 

and Qfe = = for 4 < fc < 6, where the fact that 62(2/) = has been extensively 
used. For example, 

b = y, 61 = 62 = 0, b 3 = 3cy, 64 = -4cV, 65 = 9c 3 y 5 , 

6 6 = -24c 2 y 7 , & 7 = 70c 5 ?/ 9 - 14c 3 ?/ 3 , ... . 



In this section, we show the following assertion: 

Theorem 4.1. For each positive number c, the formal power series solution /(a;, y) 
uniquely determined by (|4.7|) . (|4.8|) . (|4.9| and (|4.10|) gwes a rea? analytic zero mean 
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curvature surface on a neighborhood of (x,y) = (0,0). In particular, there exists 
a non-trivial I -parameter family of real analytic zero mean curvature surfaces each 
of which changes type across a light-like line (see Figured]). 

As a consequence, we get the following assertion: 

Corollary 4.2. There exists a family of zero-mean curvature hypersurfaces in 
Lorentz-Minkowski space R" +1 which change type across an (n — 1) -dimensional 
light-like plane. 

Proof. Let / be as in the theorem. The graph of the function defined by 

R n 3 (xi,....,x n ) i-» f(x!,x 2 ) G R 
gives the desired hypersurface. In this case, the zero mean curvature equation 

n \ n n q q2 j 

1 ~~ X! J f Xi < Xi + f x if x j = (f*i ~ g^T' : = Q X Q X .) 

3 = 1 J »=1 «')J=1 * J 

reduces to Ql.ip . □ 

To prove the theorem, it is sufficient to show that for arbitrary positive constants 
c > and 8 > there exist positive constants no, 0q, and C such that 

(4-11) \b k (y)\ < 9 C k (\y\ < S) 

holds for k > uq. In fact, if (|4.11[) holds, then the series f|4.5[) converges uniformly 
over the rectangle [— C _1 ,C _1 ] x [—5,(5]. 

The key assertion to prove (|4.11[) is the following 

Proposition 4.3. For each c > and S > 0, we set 

(4.12) M := 3max|l44cr|(5| 3/2 , v / 192c 2 r| , 

where r is £/ie positive constant given by (|A.2[) m £/ie appendix, such that 

(4 ' 13) 7 t ^T-^^ r ( 0<i< 2 

T/ien the function {bi(y)}i>3 formally determined by the recursive formula (|4.7 
(|4.10[) satisfies the inequalities 

(4.14) WG/)|<c|yfM'- 3 , 
(4-15) Ib'Ml < -M-^M l -\ 



(4-16) |6,(„)| < ^^^- 3 

/or any 



(4.17) ye[-S,S], 

where 

(4.18) i*:=i(l-l)-2 (i = 3,4,...). 
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Once this proposition is proven, ([4.11|) follows immediately. In fact, if we set 

9 = -{6M) 3 , C:=SM 
c 

and n > 7, then l<l*+2<l-3 and (|4~TT1) follows from 

5. Proof of Proposition 14.31 
Wc prove the proposition using induction on the number I > 3. If I = 3, then 
|&£(y)| = 0<|j =c\yfM°, 

hold, using that bz(y) = 3cy, M° = 1 and 3* = — 1. So we prove the assertion for 
I > 4. Since (|4.15[) . (|4.16|) follow from (|4.14l) by integration, it is sufficient to show 
that (|4.14p holds for each I > 4. (In fact, the most delicate case is I — 4. In this 
case I* = —1/2 and we can use the fact that J Q Vo 1/y/ydy for y > converges.) 
The inequality (|4.14[) follows if one shows that, for each k > 4 

(5.1) \kP k (y)\, \kQ k (y)\, \kR k (y)\ < ^\y\ k ' M k ~ 3 (\y\ < 6) 

under the assumption that P~Ti|) . (|4TT3|) and hold for all 3 < I < k - 1. 

In fact, if (|5.1[) holds, (|4.14[) for I = k follows immediately. Then by the initial 
condition (|4.7[) (cf. (I4.6I) 1 ). we have (|4. 1 5[) and (|4.16[) for I = k by integration. 

The estimation of |fcP fc | for k > 4. By (j^Tgj) and using the fact that P~T5|) . pTTTjj) 
hold for I < k — 1, we have for each |y| < <5 that 

, ^ 2fc|fc-2ra + 3| l , , xl ,,, , 



fc - m + 2 

m— ^ 
fc-1 



^ ^ 2k\k~2m + 3\ {3cM m - 3 \y\ m *+ 2 \ ( 3 c Mk- m +2-3\ y \(k- m +2)'+i 

~ ±- — J h — m -4- 



m— 3 



V (m* + 2) 2 / V (fc 



cMfc -3 |y|fc » 144cMj g fc|fe-2m + 3| 



M ^ (m - l) 2 (fc - m + l)(k - m + 2) 

m— 3 7 

< c jf fc - 3 ld fc - 144c| ^ |S V fc|fc-2m + 3| 

l y l M ( m _ l)2(fc_ m + i)(fc_ m + 2 ) 

m=3 x 7 v y v ' 

fc . ^=4 k\k-2m + 3\ 



< —M k ~ 3 \y 



3r (m — l) 2 (fc — m + l) 2 

Here, we used (|4. 12|) . Since 

max | k — 2m + 3 1 = max | k — 2m + 3 1 = max{ \k — 3 1 , | — fc + 5| } , 

m— 3,...,fc— 1 m— 3,/c — 1 
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by setting q = m — 1 , we have that 



, . 1 k ~ 2 ft 3 



where we applied Lemma [A. II and f|4. 13[) at the last step of the estimations. Hence, 
we get (|5.1| for ftP^. 

The estimation of \kQk\ for ft > 7. By (|4.9j) and the induction assumption, we 
have that 

1*0*1 < E k E l fc|3n " fc + m ' 11 |^(y)| |6,- m _„ +2 (y)| 
Z — ' * — ' ran 

m— 3 n— 3 

„ fe ^T 1 fc|3n - ft + m - 1| /3cM m - 3 |y| m * +1 
-2-^2-^ run I m* + 2 

m— 3 n— 3 

f 2>cM n ~ 3 |?/|™*^ 1 \ / 3C-M^ — rn-n+2 — 3|y|(fc — m— n+2)*+2 



V ™* + 2 / \ ((fc-m-ra + 2)* + 2) 
M fc-3i ifc- 432c2 fc V^' 1 fc|3n-ft + m-l| 

l y l Af4 2^ ( m _ l)2( n _ l)2(jfc_ m _ n + 2)2- 
?n — 3 71 — 3 

Now we apply the inequality 

max |3n — k + m — II = max |3n — ft + m — 1 

s<S<fc--m-i (m,n)=(3,3),(3,fc-4),(fc-4,3) 

= max{| - ft + 11 1 , 4, |2fc - 10|} < 2ft, 

and also 

432c 2 1 
M 4 ~ 367' 

which follows from (|4.12[) . Setting p := m— 1, q = n — 1, we have that 

c . fc ~ 4 fe_m_1 2fc 2 

|*Qfc| < ^M fc 3 |2/| fc E E ( m _l)2( n „ 1 )2 (fc _ m _ n + 2) 2 

TTL — 3 TL — 3 

k~5 k-p-2 2 

= — M fc - 3 |u|* V V 

Now applying Lemma lA.21 we have that 

\kQk\ < ^-M k ~ 3 \y\ k ' x 6r < C -M k ~ 3 \yf , 
lor d 



which proves (|5.1[) for kQk 
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The estimation of \kRk\ for k > 7. Like as in the case of |fcQfc|, we have that 
_1 k\b m (y)\ \b n (y) \ \b'l_ m _ n+2 {y)\ 



\kR k \ <e e 



k — m — n + 2 

rn— 3 n— 3 

fc — 4 fc — m — 1 



< 



E E 



fc /3cAf m - 3 |?/| m *+ 2 



fc-m-n + 2 V (w* + 2) 2 

rn— 3 n— 3 

fn— 3|^|n*+2 

V (n* + 2) 

fc— 4 fc— m— 1 

U4c 3 M k - 7 \yf E E 



/ 3cM" 3 1 7/ 1" +2 \ / fe _ m _ n+2 _3 , , (fc- m -„ +2 )" 

I fn* + 2) 2 ) V m 



(k-m-n+ 2)(m - l) 2 (n - l) 2 

m— 3 n— 3 v 1 v / \ / 

1*1 M 4 4^ 4^ (fc-m-n + 2) 2 (m-l) 2 (n-l) 2 

?T?. — 3 Th — 3 

Now we set p = m — 1, g = n — 1 , and using the inequality 
3 4 x 144c 2 t < 3 4 x 192c 2 r < A/ 4 , 

we have that 

fc— 5 fc— p— 2 ^2 



\kR k \<^M k -*\ y rj2 E TOT \ 

By applying Lemma lA. 21 we have that 



\kR k \ < -^M k -*\y\ k x 6r < -M k ~%\ 
which proves (|5.ip for fci?fe. This completes the proof of Proposition 

Appendix A. Inequalities used in Section [4] 
For a > 0, it holds that 

(A 1) 1 - 1 ( a 

u 2 {a — u) 2 a 3 \u 2 ' u ' (a — u) 2 ' a — u / 

Therefore, 

,„ , du 2 fa(a-2t) , a-t\ , a N 

In particular, one can show that there exists a positive constant r such that 

< A - 3 > f^^' 

The following assertion is needed to prove (|5.1[) for kP k (y): 

Lemma A.l. Le£p &e a non-negative integer and k an integer satisfying k > p + 4. 
Then the inequality 

k f 2 fc 3 < y°-* / _ p\ 

q 2 (k -p - q) 2 ~ Ji u 2 (a~u) 2 \ ' k) 

holds. 
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Proof. In fact, if we set a := 1 — ip/k), then ()A.lj) yields that 
fc 3 1 1 



q 2 (k-p-q) 2 fc(|) 2 ( a _|)' 



2 

^ + Tin 



Since x i— > (a + 2x) /.t 2 is a monotone decreasing function and the function a; i— > 
(a + 2(a — x))/ (a — x) 2 is monotone increasing on the interval (0, a/2), we have that 



k 3 
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1 



q 2 {k — p — q) 2 a 3 
which yields that 
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2 

h - 
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9 
U z 




f (a - u) 2 



(a — u) 2 a — u 



(a — u) 2 a — u 
2 



du 



du 



du. 



du 



1 1 u 2 (a — u) 2 

k v ' 

This proves the assertion. 

The following assertion is needed to prove (|5.1|) for fcQfc(y) and kRk(y): 
Lemma A. 2. For any integer k > 7, the following inequalities hold: 



k-5 k-p-2 

E E 



< 



G 



, ^ p 2 q 2 (k-p- q) 2 kji u 2 (l-u) 2 



du 



< 6t, 



where r is a constant satisfying ()A.3|) . 



□ 



Proof. We set a = a(p) := 1 — (p/k). Applying Lemma [A. II and the identity (IA.2I) . 
we have that 



fc — 5 fc— p— 2 ,2 fc — 5 

v V - = v 

p=2 <?=2 ^ y V f ^ p =2 



1 ^ fc 3 

fcp 2 ^-^ q 2 (k—p — q) 2 
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^E 
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p 2 a 2 
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where we used the fact that l °f^ a < 1. By applying Lemma [A. II and by using the 
property (|A.3|) of the constant r, it holds that 

k—5 k—p—2 , 2 fe— 5 „ k— 5 , -j 

1 6 \ k° 



E E P 2 q 2 {k _ p _ q) 2 ^ 6 E p2(1 _ f)2 fc E p2(fc _^ 



6 ^ fc 3 6 r 1 -^ _dv_ 

-kf^pHk-pf-kj, u^i-ur <6r ' 



which proves the assertion. □ 
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